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Introduction
Interest in the prediction of the hydrodynamic interactions between two advancing ships has grown in recent years as the ships have to pass each other in close proximity in harbour areas and waterways with dense shipping traffic. The behaviour of two ships in waves with speed effect is of special concern to the Navy, that is, for underway replenishment, and for other commercial purposes. Fang and Kim (1986) firstly took forward speed into consideration in ship-to-ship problem. They utilized a 2-D procedure, including the hydrodynamic interaction and an integral equation method, to predict the coupled motions between two ships advancing in oblique seas. They found that the roll motion was reduced while the ships were advancing. However, due to the 2-D assumptions, some deficiencies including the special treatment of the convective term still exist. Chen and Fang (2001) extended Fang's method (Fang and Kim, 1986 ) to 3-D. They used a 3-D Green function method to investigate the hydrodynamic problems between two moving ships in waves. It was found that the hydrodynamic interactions calculated by 3-D method were more reasonable in the resonance region, where the responses were not as significant as predicted by 2-D method. However, their method was only validated by model tests with zero speed. More rigorous validation should be carried out by further experiments. McTaggart et al. (2003) and Li (2007) used the model test data from Li (2001) to verify their numerical programmes, which was based on 3-D Green function method. The numerical predictions and experiments showed that the presence of a larger ship could significantly influence the motions of a smaller ship in close proximity. But the numerical prediction of roll motion was not accurate. Xu and Faltinsen (2011) used the model test data from Ronaess (2002) to verify their numerical programme based on 3-D Rankine source method. They applied an artificial numerical beach to satisfy the radiation condition. They found that the hydrodynamic peaks and spikes were related to the resonance modes in the gap between the hulls. However, they also failed to predict the roll motion precisely. Within the frame work of Green function, developed a 3-D translating-pulsating (3DTP) source method to calculate wave loads and free motions of two ships advancing in waves. Model tests were carried out to measure the wave loads and the free motions for a pair of side-by-side arranged ship models advancing with an identical speed in head regular waves. Both the experimental and the numerical predictions Contents lists available at ScienceDirect journal homepage: www.elsevier.com/locate/oceaneng showed that hydrodynamic interaction effects on wave loads and free motions were significant. Most recently, Yuan et al. (2015a Yuan et al. ( , 2014a Yuan et al. ( , 2015b developed a 3-D Rankine source panel method to investigate the hydrodynamic interactions between two ships travelling in shallow water. They used a new modified Sommerfeld radiation condition which was applicable to a wide range of forward speeds, including very low forward speed problem where the parameter τ (τ¼ω e u 0 /g, ω e is the encounter frequency, u 0 is the forward speed, and g is the gravity acceleration) is smaller than 0.25. Their method was validated through model experiments and a very large sway force was predicted when the transverse distance between two ships equalled to the wavelength. They also found that the hydrodynamic interactions between two ships were caused by the scattered waves.
The hydrodynamic interaction between two advancing ships is very important. Because of the hydrodynamic interactions, even relatively small wave can induce large motions of the smaller ship due to the nearness of the larger ship. In order to minimize the hydrodynamic interactions, we attempt to establish a rapid approach to find the relationship between the minimum spacing and the parameter τ. The minimum spacing here is referred as the minimum transverse distance between two ships that the hydrodynamic interaction is not expected. The optimum hull spacing of a family of multihulls was firstly investigated by Tuck and Lazauskas (1998) . They used a thin-ship theory to optimize the multihull configurations for minimum wave-making. The optimum configurations were determined for two, three and fourhulled vessels, with and without longitudinal stagger. The generated wave amplitude, wave resistance and total drag were calculated and compared in their study. Battistin (2000) and Yang et al. (2002) also carried out hydrodynamic optimization for a trimaran. However, these studies mainly considered the calm-water case, in order to minimise wave making. Day and Doctors (2001) developed a rapid method to estimate the near-and far-field wave wake. They applied this method to the optimization of a monohull and a catamaran. But the multihulls were treated as a rigid body with 6 degrees of freedom (DoF). No attempt was made to optimise the hydrodynamic interactions between two ships (12 DoF) advancing in waves, since the motions of the ships could make the problem more complex. The main aim of the study presented in this paper is to establish a rapid method to evaluate the hydrodynamic interaction between two ships advancing in waves, in order to provide an optimum configuration of two ships. No attempt is made here to optimise the shape of individual hulls.
Theoretical estimation of the critical line

Background
For a single marine vessel advancing in calm-water, the socalled Kelvin wake can be observed. It is set up by a ship in steady motion and to be confined within a wedge of semi-angle sin À 1 (1/3) in deep water. Lighthill (1978) used the stationary phase method to investigate this Kelvin angle. It can be observed from the Kelvin wake that the free surface can be divided into two regions by a critical line: wake region confined within the Kelvin angle and quiescent region outside the Kelvin angle. For the ships travelling in waves, except the Kelvin wave system, there exist two (τ 40.25) or three (τo 0.25) unsteady wave systems due to the oscillation of the ship (Becker, 1958; Wehausen, 1960) . Similar to the steady wave problem, the free surface of an oscillating and translating body can also be divided into two regions: wake region confined within a semi-wedge angle θ and quiescent region outside θ. However, for the unsteady ship motion, the range of the wedge is not a constant value. It varies with the parameter τ (Lighthill, 1967; Noblesse, 2001; Noblesse and Hendrix, 1992) . For the parameter τ40.25, there exists a fan-shape quiescent region in front of the vessel. As τ increases, the range of the fan-shape quiescent region will be expanded. Ohkusu (1989, 1991) used the asymptotic wave contour to estimate the side-wall effect. They also extended Newman (1978) unified slender-ship theory and developed a new method to calculate the side-wall effect numerically. The critical line obtained numerically was presented and compared to the results estimated from asymptotic wave contour. Faltinsen (2006) derived a wave angle to investigate the wave interference between the waves generated by each hull of a multihull vessel. However, this wave angle was not validated from numerical calculation. In order to investigate how much the hydrodynamic interaction would be minimised if Ship_b is located in the quiescent region of Ship_a (as shown in Fig. 1 ), a massive numerical calculations are required to analyse several combinations of parameters, including oscillation frequency, forward speed and transverse distance between two ships. This is the main objective of the present study. Before the numerical calculation, a theoretical estimation should be established based on the asymptotic wave contour. In the present paper, we will use the Havelock form of Green function to investigate the far-field wave patterns generated by a translating and oscillating source in infinite water depth and then establish a rapid estimation of the critical line between the quiescent and wake region.
Far-field wave patterns
In order to obtain the critical line between the quiescent and wake region, the formulations of far-field asymptotic wave patterns should be established. The far-field unsteady wave pattern had been made more than half a century ago by Hanaoka (1953) and Eggers (1957) . Becker (1958) also investigated the far-field wave pattern produced by a harmonic pulsating source. He provided a curves of equal phase for the various systems of waves formed. The 3-D frequency-domain analysis of the flow about a ship advancing in waves was pioneered by Chang (1977) . Similar numerical work can be found by Inglis and Price (1982) , Eatock Taylor (1987, 1989) , Rahman (1990) , Iwashita (1997) . Noblesse and Hendrix (1992) derived the far-field wave patterns of a ship advancing in waves by using a stationary phase method. They derived the so-called cusp angle for different wave systems. The far-field behaviour of a 3-D pulsating source of Michell type with forward speed was also studied by Miao et al. (1995) by using the Fourier transformation and contour integration technique. More recent research on far-field wave patterns and their characteristics were presented by by using a Havelock form Green function method.
According to Iwashita (1997) and , the Havelock form of Green function is given in the following form 
The control factors are defined as (x, y, z) and (x′, y', z′) denotes the position vector of the field point and source point respectively. Then the free-surface elevation can be expressed as where (Takagi, 1992) , and Eq. (7) can be reduced to
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The phase function ψ can be defined as
when ω ≠ 0 e and ≠ u 0 (the discussion on the case of ω = 0 e and = u 0 can be found in ), Eq. (9) can be written as
It is well known within the frame work of stationary phase method that the main contribution to the wave term comes from the points where
in the far-field as X 2 þY 2 -1. Thus,
we can obtain the following expression:
Let the source point locate at (x′, y′, z′)¼(0, 0, z′), zo 0. By substituting Eq. (13) The constant-phase curves defined by Eq. (14) are depicted in Fig. 2 for a set of values of ψ ij with increment equal to 2π. It can be found in Fig. 2(a) that at τo0.25, there are three distinct wave systems: one ring wave system, which are approximately elliptical in shape, and two Kelvin fan wave systems confined within two distinct wedges, which can be referred as "outer and inner V waves". The ring waves are dense in the positive x-axis and sparse in the negative x-axis. At τ40.25, as shown in Fig. 2 .25 can be found in Noblesse and Hendrix (1992) . It should also be noted from Eq. (14) that only concentric circle ring waves will exist when u 0 ¼0, which presents the feature as a 3-D pulsating source without forward speed. Another interesting finding at the case of u 0 ≠0 and ω e ¼0 is that the ring waves vanish and the inner and outer V waves merge together as Kelvin waves. Furthermore, as κ i -À τ, x 2 þ y 2 -1, and the intervals À1o κ i o À τ and À τoκ i oν 5 (the value of ν 5 will be discussed further on) corresponds to two branches of the fan waves, which can be called inner and outer fan waves respectively, as shown in Fig. 3 .
Semi-wedge angle and the minimum spacing
The critical line shown in Fig. 1 can be determined by the semiangle θ, which may be referred as semi-wedge angle hereafter. From Fig. 2 (a) we can find that at τo0.25, this semi-angle θ does not exist, since the ring waves could cover the entire computational domain. Therefore, in ship-to-ship problem, the minimum spacing cannot be identified and we are only concerned with the case of τ40.25 in the present study. Fig. 3 shows the typical wave patterns at τ40.25. It can be observed that both of the ring waves and inner V waves have a cusp, which corresponds to the semi-wedge angle. Let's denote the coordinates of these cusps as (x r , y r ) and (x i , y i ) respectively, the corresponding semi-wedge angles can be written as The values of ν 5 and ν 6 can be found in Noblesse and Hendrix (1992) where
It should also be noted that as κ i -À τ, the corresponding semiwedge angle for the inner fan wave could be expressed as
The semi-wedge angles defined by Eqs. (15) and (18) ship-to-ship problem, as shown in Fig. 1 , two values of τ are of particular interest: τ¼0.272 (the analytical expression is 2/27 , which can be found in Chen and Noblesse (1998) ) and τ¼1.62. At τo0.272, the semi-wedge angle θ r 490°. In this case, the hydrodynamic interactions between two ships are inevitable and the minimum spacing could not exist. Another critical case is τ¼1.62. As τ41.62, the semi-wedge angle θ r o19.47°. In this case, the hydrodynamic interactions and the minimum spacing are dominated by the steady waves. The quiescent region could exist outside the Kelvin wedge. In the range of 0.272 oτ o 1.62, the quiescent region is deterred by θ r , since θ i and θ f are confined within the semi-wedge angle of the ring waves.
From Fig. 1 , the minimum spacing between two ships with the same forward speed can easily be obtained. Let's denote the length of the larger and smaller ships as L a and L b respectively, the minimum spacing between two ships can be written as 
Considering θ i and θ f are confined within the semi-wedge angle θ r , by substituting Eq. (15) into Eq. (19), the dimensionless minimum spacing can be written as where δ = L L / b a is the ratio of the length of Ship_b to Ship_a, and ν 5 is defined in Eq. (16). From Eq. (20), it can be seen that the dimensionless minimum spacing is only determined by δ and τ. Fig. 5 shows the dimensionless minimum spacing with different δ values. It can be observed that as the ratio of the length of Ship_b to Ship_a increases, the distance between the two ships must be increased to minimize the hydrodynamic interactions.
Numerical validations
In order to validate the present assumption, we used MHydro, which is based on 3-D Rankine source panel method, to investigate the hydrodynamic properties of the floating bodies. Yuan et al. (2015a Yuan et al. ( , 2014a gave the details about using MHydro to solve the ship-to-ship with forward speed problem. The method developed and the results obtained have been validated by experimental measurements. The same method and numerical programme will be used in the present study, and only some general descriptions about the numerical methodology will be summarized here.
Numerical methodology
The corresponding right-handed coordinate systems are shown in Fig. 6 . The body coordinate systems o a -x a y a z a and o b -x b y b z b are fixed on Ship_a and Ship_b respectively with their origins on the mean free surface, coinciding with the corresponding centre of gravity (CoG) in respect to x and y coordinates when both of the ships are at their static equilibrium positions. o a -z a and o b -z b are both positive upward. The inertia coordinate system o-xyz with origin located on the calm free surface coincides with o a -x a y a z a when the ship has no unsteady motions. O-XYZ is the earth-fixed coordinate system with its origin located on the calm free surface and OZ axis positive upward. The incident wave direction is defined as the angle between the wave propagation direction and Xaxis. β¼180°corresponds to head sea; β¼90°corresponds to beam sea. d denotes the transverse distance between two ships while u 0 is the forward speed. In the computation, the motions and forces of Ship_a and Ship_b are concerted to the local coordinate system in which the origin is at the centre of gravity of each ship.
It is assumed that the surrounding fluid is inviscid and incompressible, and that the motion is irrotational, the total velocity potential exists which satisfies the Laplace equation in the whole fluid domain. Let t denote time and ⇀ = ( ) x y z x , , the position vector. The velocity potential provides a description of the flow as where φ s is the steady potential and it is neglected in the present study; φ j a and φ j b (j¼1,2,…,6) are the spatial radiation potentials in six degrees of freedom corresponding to the oscillations of Ship_a and Ship_b respectively and η j (j ¼1,2,…6) is the corresponding motion amplitudes (η 1 , surge; η 2 , sway; η 3 , heave; η 4 , roll; η 5 , pitch; η 6 , yaw); η 7 ¼η 0 is the incident wave amplitude; φ 7 is the spatial diffraction potential; φ 0 is the spatial incident wave potential and ω e is the encounter frequency. Generally, the body boundary conditions can be treated separately by the diffraction and radiation problems as follows:
1) Body boundary conditions for the diffraction problem
2) Body boundary conditions for the radiation problem (Ship_a is oscillating while Ship_b is fixed)
φ ω φ ω
3 is the unit normal vector directed inward on body surface. The m j denotes the j-th component of the socalled m-term and for the slender vessels, it can be expressed by The free surface boundary for both diffraction and radiation problem can be written as:
The radiation condition for both diffraction and radiation problem is satisfied by using Sommerfeld radiation condition with forward speed correction, which can be found by Yuan et al. (2014a Yuan et al. ( , 2014b and Das and Cheung (2012) .
Once the unknown diffraction potential φ 7 and radiation potential φ j are solved, the time-harmonic pressure can be obtained from Bernoulli's equation: where ρ is the fluid density. The hydrodynamic forces produced by the oscillatory motions of the vessel in the six degrees of freedom can be derived from the radiation potentials as given in the following (Yuan et al., 2015a) ⎡ 
The wave elevation on the free surface then can be obtained from the dynamic free surface boundary condition in the form where ζ Rj is the real part of j-th model, and ζ Ij is the imaginary part.
Validations
Before we carry out massive numerical calculations, a rigorous validation of the numerical programme should be conducted. Unfortunately, due to the complexities involved in the model test of two ships advancing in waves, only very limited model test data is available from the published resources. McTaggart et al. (2003) and Li (2007) presented some experimental data of ship-to-ship with forward speed in waves based on their model tests carried out at the Institute for Marine Dynamics (IMD) in St. John's, Newfoundland. Similar work was also conducted by Ronaess (2002) and her model test was carried out at the Marine Technology Centre in Trondheim, Norway. More recently, carried out experimental tests to measure the wave loads and the free motions for a pair of side-by-side arranged ship models advancing with an identical speed in head regular waves. The validations of the present numerical programme MHydro against the model test results from McTaggart et al. (2003) and Ronaess (2002) can be found in Yuan et al. (2015a Yuan et al. ( , 2014a . In their validations, the heave and pitch RAOs of both ships were well predicted. However, they failed to predict the roll motion due to the viscus effects. In the present study, we are not going to make any efforts to calculate the motion RAOs. One of the reason has been demonstrated above as the viscus effect. Besides, the motion responses are not able to reflect the hydrodynamic interactions directly. For example, the motion responses are also determined by the mass and restoring force matrix, as well as the incident wave forces. And in most of the frequency range, the motion responses are dominated by these components rather than the radiation and diffraction forces. Therefore, in the present study, we are particularly interested in the hydrodynamic coefficients, which can directly reflect the hydrodynamic interaction. Without consideration of speed effects, Kashiwagi et al. (2005) published his model test results of the diffraction and radiation forces of a rectangular box and Wigley hull interacted in waves. We used his model test results to validate MHydro in zero speed case (Yuan et al., 2015a) . Taking the forward into consideration, Ohkusu (1989, 1991) conducted model test to investigate the ship and side wall interference. Kashiwagi (1993a Kashiwagi ( , 1993b ) also published some experimental results of the wave exciting forces and hydrodynamic coefficients about a catamaran. In the present study, Kashiwagi and Ohkusu (1991) model test results of side wall effects will be used here to validate the numerical programme. Based on the assumption that the ships involved in ship-to-ship problem are arranged side-by-side and the geometry and the speed of the ships are exactly the same, a single ship with side walls problem shown in Fig. 7 can be replaced by ship-to-ship problem shown in Fig. 8 . The existence of side wall 2 in Fig. 7(a) is equivalent of replacing it with a mirror. The images of side wall 1 and Ship_a make the single ship with side walls problem exactly the same with ship-to-ship problem shown in Fig. 8(b) . Therefore, the superposition method used in the present study can be validated through the model test of side wall effects conducted by Kashiwagi (1991) .
The model used here is a half-immersed prolate spheroid of length L ¼2.0 m and breadth B ¼0.4 m. The model test was conducted in the towing tank (60 m length, 4 m breadth, 2.3 m in depth) of Nagasaki Institute of Applied Science. The model was advancing at a Froude number F n ¼0.1 in the waterway of B T /L ¼2.0, where B T is the transverse distance between the ship and side wall. Two numerical simulations are performed by using MHydro. The first simulation adopts the same situation as that used in the model test and the panel distribution and computational domain of numerical model is shown in Fig. 7(b) . The corresponding numerical results are referred as 'Single ship with side walls' hereafter. The second simulation is based on superposition method and two ships with side walls are modelled. The panel distribution and computational domain of numerical model is shown in Fig. 8(b) , and the corresponding numerical results are (24) and (25), while A ab can be obtained by solving the boundary value problem from Eqs. (26) and (27). The heave added mass and its components are shown in Fig. 9 . A ab represents the effect of side wall 1 and it is the main contribution of the negative added mass at certain frequencies.
Figs. 10 and 11 show the hydrodynamic coefficients. Generally, the agreement between 'Superposition method' and 'Single ship with side walls' is satisfactory. Some discrepancies between 'Superposition method' and 'Single ship with side walls' can be observed at high frequency range, which can be attributed to the numerical dispersion and damping (Kim et al., 2005) introduced by the constant panel method. The numerical dispersion and damping are mainly determined by the parameter ε (ε ¼λ/dx, where λ is the wavelength and dx is the mesh size on the free surface). The numerical dispersion and damping are not noticeable at ε420. However, as εo20, the numerical dispersion and damping become evident. In the present study, the wavelength λ is small at high frequency range. But as the unified mesh is applied, the parameter ε becomes very small. Therefore, the numerical dispersion and damping are inevitable. The numerical dispersion and damping becomes even more evident in ship-to-ship problem, since the free surface is larger than that in a narrow tank. The waves produced by Ship_a have to propagate a long distance until they strike Ship_b, and during this propagation, the numerical dispersion and damping occurs. However, in single ship with two side walls problem (the mesh size on the free surface is exactly the same as that in ship-to-ship problem), the free surface is smaller. The reflected waves from the wall only travel a short distance, then they can strike the ship model. Therefore, the numerical dispersion and damping are not as obvious as that in ship-to-ship problem. The numerical dispersion and damping modify the wavelength and amplitude during the propagation of the radiated waves (or reflected waves) and this is the main reason for the different phase and amplitude between the results obtained by two numerical methods at high frequency range. There are still some discrepancies that are found at 0.24 oτ o0.27, which can be attributed to the complicated waves trapped in the narrow gap between the side walls in the vicinity of the critical frequency. However, the general agreement between 'Superposition method' and 'Single ship with side walls' is still satisfactory which indicates that the present method is capable to predict the hydrodynamic interactions between two ships with the same speed. As the parameter τo0.25 ( ) 
Case study
The validated numerical programme MHydro is used in this session to examine the reliability of the theoretical estimation of the minimum spacing. A series of case studies are designed here based on two identical Wigley III hulls advancing side by side in head waves with the same forward speed. Thus, δ in Eq. (20) Table 1 . The computational domain and discretization of the boundaries is presented in Fig. 13 .
The incident wavelength to ship length ratio of λ/L¼1 in head sea corresponds to the critical conditions in ship design. In this case, the incident wave frequency ω 0 ¼4.53 rad/s. Four typical cases, as shown in Table 2 , are investigated in the present study to verify our assumption. These cases can be divided into two categories, in order to make the comparisons conclusive. The first category involves Cases 1-3. The basic principle for this category is that the forward speed is fixed at the same value at u 0 ¼1.22 m/s. Therefore, according to Fig. 4 , the corresponding semi-wedge angle is 30°. But the positions of the ships are different. In Case 1, the spacing is 1.2 m, which means part of Ship_b is located in the wake region of Ship_a. In Case 2, the spacing is 2.2 m, which indicates that Ship_b is entirely located in the quiescent region of Ship_a. In Case 3, the spacing keeps the same as that in Case 2. But Ship_b is staggered at 1.5 m downstream. Thus, the stern of Ship_b will also be covered by Ship_a's wake. The configurations of the first category are depicted in Fig. 14 . The second category involves in Cases 2 and 4. The basic principle for this category is that the positions of the ships in Case 4 are kept identical to that in Case 2, which has been described previously. The only difference between these two cases lies on the forward speed. In case 2, the forward speed is fixed at u 0 ¼ 1.22 m/s and the corresponding semi-wedge angle is 30°. Therefore, Ship_b would be entirely located in the quiescent region of Ship_a. But in Case 2, the forward speed is u 0 ¼ 0.636 m/s. According to Fig. 4 , the corresponding semi-wedge angle is 60°, which means the major part of Ship_b would be located in Ship_a's wake. The sketch of Cases 2 and 4 is shown in Fig. 15 .
Wave exciting forces
The results of the wave exciting forces of Cases 1-3 are shown in Table 3 . The results of the single ship are also included for comparison. The non-dimensionalisation for surge, sway and heave is made by using η 0 C 33 ; the non-dimensionalisation for roll, pitch and yaw is made by using η 0 K 0 C 55 , where η 0 is the incident wave amplitude, and C 33 and C 55 represent the restoring coefficients in heave and pitch direction respectively. In Cases 1 and 2, the wave exciting forces on both ships are the same. But in Case 3, the staggered configuration violates the symmetrical property of the flow field. As a result, the wave exciting forces of Ship_a and Ship_b are different, and they are listed individually in Table 3 . In head wave condition, the best way to examine the hydrodynamic interactions is by calculating the sway, roll and yaw exciting forces. Theoretically, the sway, roll and yaw exciting forces of single ship must be zero due to the symmetrical characteristics of the incident flow and body surface. But in numerical simulation, these forces fluctuate around zero, which could attribute to the numerical errors. However, in Cases 1 and 3 (Ship_b), the wave exciting forces in sway, roll and yaw directions are very large. These forces on Ship_b are produced by the diffracted waves from Ship_a, since Ship_b in Cases 1 and 3 are partly located in the wake region of Ship_a. But in Case 2, the wave exciting forces in these three directions are very small, which indicates that the diffracted waves from Ship_a could hardly influence the flow field around Ship_b. Moreover, in Case 3, the wave exciting forces on Ship_a are almost identical to those of single ship case, which indicates that the flow field around Ship_a could not be disturbed by the existence of Ship_b. The above findings are consistent with our assumption, and it can be concluded that in head waves, if both of the ships are located at each other's quiescent region, the diffracted interactions can be minimized. The comparisons in Table 3 are based on the same forward speed (the same semi-wedge angle). Table 4 presents some results with different forward speeds. Even though the configurations of Cases 2 and 4 are the same, the discrepancies between the calculated forces in sway, roll and yaw are significant. In Case 2, the diffracted waves produced by Ship_a are confined within a relatively smaller semi-wedge angle, and Ship_b is entirely located in the quiescent region. As a result, the wave exciting forces in sway, roll and yaw are very small. But as the forward speed decreases, the semi-angle becomes larger, and the quiescent region is shrunk. As a result, in Case 4, Ship_b will be partly covered by the diffracted wave field from Ship_a. Consequently, the wave exciting forces in sway, roll and yaw directions are significant, as shown in Table 4 . These results also coincide with our theoretical assumption.
Hydrodynamic coefficients
The added mass and damping of Ship_b induced by the unit motion of Ship_a are presented in Tables 5 and 6 respectively. These hydrodynamic coefficients reflect the influence from the radiated waves due to the existence of the other ship. The nondimensionalisation for added mass with subscript of 22, 23, 32, and . From the results of Case 2, it can be found that the radiated waves produced by the unit motion of Ship_a could hardly influence the hydrodynamic properties of Ship_b. While in the other three cases, the hydrodynamic interaction on Ship_b is significant due to the disturbance of the radiated waves from Ship_a. The above conclusions are consistent with our theoretical assumption, which indicates that if the ship is located in the quiescent region of the other ship, the hydrodynamic interactions could be minimized.
Wave pattern
Figs. 16 and 17 present the diffracted and radiated wave patterns for different cases. Because of the existence of Ship_a, the symmetrical property of the flow field around Ship_b in Cases 1, 3 and 4 is violated. In these cases, the diffracted or radiated waves produced by Ship_a could propagate to the body surface of Ship_b. But in Case 2, the near field flow around Ship_b could hardly be disturbed by the existence of Ship_a. Even though the positions of the ships in Cases 2 and 4 are the same, the wave patterns in these two cases are different. In Case 2, the diffracted and radiated waves are confined within a relatively smaller semi-wedge angle.
But in Case 4, due to the smaller value of τ, the waves are expanded to cover a larger fan-shape region. These observations coincide with our theoretical assumption. Fig. 18 gives the diffracted and radiated wave profiles at port and starboard of Ship_b. It can be found that in Cases 1, 3 and 4, the wave elevation at port and starboard of the stern region of Ship_b is different. This explains why the sway, roll and yaw forces in these cases are very large. But in the fore region, the wave profiles tend to be identical to each other. It indicates that the waves produced by Ship_a could only propagate to the stern region of Ship_b in these cases. But in Case 2, the wave elevation at port and starboard of Ship_b is almost the same. Only a very small discrepancy can be observed in the stern area. It indicates that the quiescent region calculated by the present stationary phase method is not absolutely calm water. Due to the continuity of the pressure distribution on the free surface, the wave elevation could not suddenly drop to zero when the waves propagate across the critical line (the line corresponds to the semi-wedge angle, which is used to divide the wake and quiescent regions, as shown in Fig. 1) . However, the wave elevation in the predicted quiescent region is not evident.
Hydrodynamic interaction diagram
It can be concluded from the numerical case study that the stationary phase method provides a general depiction of the wave propagation in the far-field. The critical line between the quiescent and wake region estimated from the far-field wave pattern can be generally adopted to estimate whether the hydrodynamic interaction is significant. However, the conclusion above is general and partial. The factors which determine the hydrodynamic interaction include several combinations of parameters: oscillation frequency, forward speed and transverse distance between two ships. Meanwhile the stationary phase method is not able to estimate accurately how much interactions are expected between two ships travelling in waves. Therefore, an accurate estimation of the critical line is desired, which requires numerous simulations varying Froude number, frequency and transverse distance. A similar approach which was adopted by Kashiwagi and Ohkusu (1991) to investigate the side-wall effects is introduced here to investigate ship-to-ship hydrodynamic interaction effects. In Kashiwagi and Ohkusu (1991) study, the side-wall effects are estimated by the difference between the hydrodynamic coefficients with side-wall and in the open sea. But in the present study, a more sophisticated parameter will be used to determine the hydrodynamic interaction effects. This parameter can be either A ij ab or A ij aa . As discussed above, the superscript 'ab' directly reflect the interaction effect from the existence of the other ship. The coefficients with superscript 'ab' are referred as the external-induced components while the superscript 'aa' denotes the self-induced ones. For single ship case, the self-induced components do not exist. Fig. 19 shows the external-induced components of the hydrodynamic coefficients, which is non-dimensionlized by the single ship results. Strictly speaking, there should be 36 independent components of each set of external-induced hydrodynamic coefficients if the two ships are not identical. Even in case of two identical ships, there are 21 independent components contained in the external-induced hydrodynamic coefficient matrix (
i¼1,2, …,6; j¼1,2, …,6). In order to find the region where there is no hydrodynamic interaction, all of these components should be zero. In the numerical calculation, due to the numerical error, these components are impossible to be zero, even for single vessel in open sea. Therefore, we have to set a permissible error. If the calculation values are bellow this permissible error, no hydrodynamic interaction is expected. In the present study, the permissible error is defined as 0.2%. Coincidently, the calculated results are quite consistent and convergent, even though the different components fluctuate with different amplitudes. Therefore, we only display four typical components in Fig. 19 . From Fig. 5 we can find the assumptive critical τ¼0.521 estimated from the farfield asymptotic wave pattern at d/L¼1. Theoretically, no hydrodynamic interactions are expected at τ40.521. However, the numerical calculations presented in Fig. 19 shows a significant hydrodynamic interaction effect at τ¼0.521, and some components even experience an increasing trend at τ40.521. The hydrodynamic interaction effects gradually diminish and the external-induced hydrodynamic coefficients are convergent to the permissible error. At F n ¼ 0.15, the curves are convergent to the permissible error at τ¼0.677. As the Froude number increases, the convergent point is extended to τ¼0.773 at F n ¼0.2 and τ¼0.909
at F n ¼0.25. It indicates as the Froude number increases, the actual quiescent region will shrink. From Fig. 19 it can be found that for any given Froude number, we can always find a critical frequency. Therefore, we can determine the critical lines showing the existence of the hydrodynamic interaction effects as a function of Froude number, frequency and transverse distance. Results are shown in Fig. 20 , where x-axis is the ω τ = g L F / / / e n , y-axis is F n . The ratio of y to x is parameter τ. In the present numerical calculation, as the two ships are in the same length (δ ¼1), for a given value of d/L, the critical parameter τ is unique. Therefore, the dashed lines in Fig. 20 are linear and they represent the critical line estimated from the asymptotic far-field wave theory. The solid curves are the calculated critical lines, which approach the dotted lines at high frequency, where the wavelength is relatively small compared to the transverse distance between two ships and the theoretical estimation is valid. As the encounter frequency decreases, the discrepancies become evident and the range of hydrodynamic interaction effects expands. The difference between the dashed lines and solid curves is due to the effect of the near-field non-radiation local waves in the vicinity of the ships. The permissible error can be various, for example, 1%. From Fig. 19 it can be found the critical parameter τ shifts to a smaller value and the discrepancies between the dashed lines and solid curves become small. However, the selection of the permissible error must be very careful. It should not be very large, for example 5%, otherwise the curves of the hydrodynamic coefficients will be subject to fluctuations before they tend to convergent. On the other hand, the results of different components will be inconsistent and individual diagrams are required.
Conclusions
In this paper, we presented a method based on Havelock form of the Green function to predict the far field wave pattern produced by a translating and oscillating source. It was found that at τ40.25, there existed a semi-wedge angle, which could be used to determine the critical line between the wake and quiescent region. This semi-wedge angle can be expanded to make a rapid estimation whether the hydrodynamic interaction between two ships advancing in waves is significant. It is assumed that if the two ships were located in each other's fan-shaped quiescent region, the hydrodynamic interactions could be minimized. Based on the semi-wedge angle, we established a formula to predict the minimum spacing between two ships. In order to validate our theoretical estimation, a 3-D Ranking source panel method was developed to calculate the hydrodynamic properties of two Wigley hulls advancing in waves. Four typical case studies were designed. The comparisons provided an intuitional conclusion that the critical line estimated from far-field wave pattern can generally predict whether the hydrodynamic interaction is significant. But the theoretical expression cannot estimate accurately how much interactions are expected between two ships travelling in waves. Therefore, we performed a number of numerical calculations which cover a wide range of combinations of parameters including frequency, forward speed and transverse distance between two ships. Based on these calculations, we depicted a diagram showing whether the hydrodynamic interaction effects are expected. From the diagram, an evident discrepancy was observed between the theoretical estimation and numerical calculation, especially at the low frequency range. The theoretical estimation based on asymptotic far-field wave pattern under-estimated the range of hydrodynamic interaction effects. In practice, due to the near-field local waves, the hydrodynamic interaction exists in a wider range. The diagram depicted in Fig. 20 can be generally applied to estimate whether ship-to-ship hydrodynamic interaction effects are expected.
